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Abstract. Let 7 be an 5^-subgroup in Ham{M, u}) generated by a Morse 
Hamiltonian H. We give a simple proof of the conjecture stated in [7]; relating 
the Morse index of 7, as a critical point of the Hofer length functional, with the 
Conley Zehnder index of the extremizers of H, considered as periodic orbits. 



1. Introduction 

There has not been much study of the Morse index of geodesies for the Hofer 
length functional on path spaces of the group of Hamiltonian diffeomorphisms 
Ham(M, oj). Maybe this is because the problem of Morse theory for the Hofer 
length functional seems completely hopeless. This is possibly true to a large extent, 
however in we showed that doing Morse theory for the Hofer length functional 
"virtually" can give some interesting results in symplectic topology. 

In the special case where 7 is an S'^-subgroup in Ham{M,uj) generated by a 
Morse Hamiltonian H, a key point in [7] was using a relationship of the Morse 
index of 7 with the Conley-Zehnder index of the linearized flow at the extremizers 
of H , in some special cases. 

Remark 1.1. We didn't use the words Conley-Zehnder index in |7j, but rather the 
index of a certain Cauchy-Riemann operator, but this could be directly related to 
the above CZ index. 

Indeed as a byproduct we arrived at the conjecture that the two indexes must co- 
incide. An inequality relating the two quantities was proved by Karshon-Slimowitz 
in [2] by constructing a beautiful explicit local family of shortenings of 7. 

Here we give a simple proof of the conjecture using calculus of variations, already 
worked out in [8^ for the Hofer length functional. Although the proof is an elemen- 
tary application of work in [8], we feel that the result is still unexpected. It would 
also be very surprising if this generalized to arbitrary geodesies in Ham(A/, w). Of 
course what may be more interesting than the identity itself is the fact that it 
is predicted by Gromov-Witten theory in [7]; we feel that there must be more to 
this story that is left to be explored and so the above coincidence should be made 
explicit. 
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2.1. The group of Hamiltonian symplectomorphisms and Hofer metric. 

Given a smooth function H : A'P" x [0,1] ~> M, there is an associated time depen- 
dent Hamihonian vector field Xt, < t < 1, defined by 

(2.1) u;{Xt,-) = -dHti-). 

The vector field Xt generates a path 7 : [0, 1] — > Diff(Af ). Given such a path 
7, its end point 7(1) is called a Hamiltonian symplectomorphism. The space of 
Hamiltonian symplectomorphisms forms a group, denoted by Ham(M, w). 

In particular the path 7 above lies in Ham(M, w). It is well-known that any 
smooth path 7 in Ham(M, w) with 7(0) — id arises in this way (is generated by 
H : M —i' M. as above). Given such a path 7, the Hofer length, £(7) is defined by 

L('y) := / max H7 ~ mill H7dt, 

Jq M M 

where is a generating function for the path t H- 'y{0)~^i{t), < t < 1. The Hofer 
distance p{(j), tp) is defined by taking the infinum of the Hofer length of paths from 
(/) to '0. We only mention it, to emphasize that it is a deep and interesting theorem 
that the resulting metric is non-degenerate, (cf. [HIS]). This gives Ham(M, w) the 
structure of a Finsler manifold. 

We now consider L as a functional on the space of paths in Ham(M, uj) with 
fixed end points. For an subgroup 7 : 5'^ — )■ Ham(M, w), generated by a Morse 
Hamiltonian H , it is shown by Ustilovsky that 7 is a smooth critical point of L. 
Consequently it makes sense to ask for its Morse index, (which might be infinite.) 
Moreover, it is easy to see that index l^) = index L^il) + index l_ (7), where: 

(2.2) L+(7) := / max{H^)dt, 

Jo 

for in addition normalized by the condition: 

(2.3) / iJ7 ■ oj'' = 0. 

And where L_ is similarly defined. It will be the Morse index of 7 with respect to 
that we compute. 

We normalize the Conley Zehnder index CZ by the condition that for a C^-small 
function /, the Conley- Zehnder index of a critical point of / (considered as a time 
1, periodic orbit of the Hamiltonian flow of /) is the Morse index of the critical 
point. 

For 7 as above by the Atiyah-Guillemin-Sternberg convexity theorem there is a 
unique maximizer ccmax of H on M. We will denote the associated periodic orbit 

by ^max- 

Theorem 2.1. For 7 as above, the Morse index of 1 with respect to is 

CZ {Xyna-x} ^ 2n. 

Proof. The Morse index theorem [4 cannot be directly applied to 

L+= f L{j{t),j{t))dt, 
Jo 

Li'iit)nit)) = maxMHt, for Ht = i{t) S T^(t)Ham(M, w) = C7^,„(M), with the 
latter being smooth functions normalized to have zero mean, p.3[) . This is because 
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it clearly does not satisfy the Legendre condition that -^L{'y{t),j{t)) > 0, for 
every variation ^ of 7, (for every t). 

However Ustilovsky shows that there is a related functional Z+ on a related space, 
with a critical point which we also denote by 7, s.t. the Hessian of Z+ at 7 coincides 
with the Hessian of at 7, and to which Morse theorem does apply. This is 
beautiful, but we refer the reader to [8| and [F for further details. 

Morse theorem gives us the following procedure for the calculation of the Morse 
index of 7 with respect to l+. Denote by 7t the restriction of 7 to [0,t] C [0, 1]. 
Then index{'^r) is a locally constant, lower semi-continuous function in r, and 
jumps at a discreet set of Ti G [0, 1] called conjugate points, (this is our shorthand, 
usually 7(Ti) are called points to conjugate to 7(0) along 7). The value of the jump 
mult{Tj) is the dimension of the solution space of the associated Jacobi equation. 
Informally speaking this is dimension of the space of infinitesimal variations of 7,- 
through extremals with the same endpoints. And a point r G [0, T] is defined to be 
a conjugate point if this dimension is non zero. 

In the case of the functional it is shown in [8^ that tq G [0, 1] is a conjugate 
point if and only if the time tq linearized flow of H at the extremizer Xmax of H 
has periodic orbits, and the multiplicity mult{Ta) is the dimension of the space of 
these periodic orbits. 

The linearized flow of H at Xmax, is conjugate to an action of 5^ on C", which 
must split into invariant 1-complex dimensional subspaces Nk^ , on which 7 is acting 

by 

(2.4) V e^"'^'*?;. 

These ki are defined to be the weights of the circle action 7. Our conventions are 

cu{XH,-)^-dHi-) 
uj{-,J-) > 0. 

With these conventions the above weights are all negative, since the Hessian of H 
at Xinax has negative eigenvalues. It is then clear that the Morse index of our 7 is 
given by 

E 2(|fc.|-l), 

l<i<n 

the —1 is due to lower semi-continuity of Morse index and conjugacy of the end 
points for 7. But this is CZ{x„i!ad — 2n, as C2'(xmax) is by definition (and our nor- 
malization) 2n plus the Maslov index for the path of linear Lagrangian subspaces 
of E?^ induced by the linearized fiow of H at a;,„ax, see [6 . This Maslov index re- 
duces by axioms, from the decomposition (|2.4I) to (|2.ip . after appropriate extension 
of Maslov index to paths with endpoints not in general position, to account for —1 
in the expression above. Or to state this in another way, we have that the Morse 
index of the geodesic 7 = 7|[e^i_e] is CZ(a;max) — 2n, for a small e > where Xmax 
now denotes the constant periodic orbit of the isotopy given by 7. □ 
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